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Abstract. The Casimir effect refers to the existence of a macroscopic force between conducting 
plates in vacuum due to quantum fluctuations of fields. These forces play an important role, 
among other things, in the design of nano-scale mechanical devices. Accurate experimental 
observations of this phenomenon have motivated the development of new theoretical approaches 
in dealing with the effects of different geometries, temperature etc. In this talk, I will focus on 
a new method we have developed in calculating the contribution to the Casimir effect due to 
diffraction from edges and holes in different geometries, at zero and at finite temperature. 



1. Introduction 

Casimir effect displays in a beautiful way the emergence of a macroscopic force due to quantum 
fluctuations in vacuum. The original Casimir effect [1] described the interaction between two 
parallel, infinitely long conducting plates. It was shown that due to electromagnetic fluctuations 
in vacuum, there is an attractive force between the plates given by / = —dE/da, where 



A is the area of the plates and a is the distance between them. One way to think about this 
is that the presence of plates imposes boundary conditions which modify the field modes. As 
a result, the zero-point energy contribution of the fields gets shifted. This is of course infinite, 
but the difference in zero-point energy with and without the plates is finite and produces ([T]). 

There has been a renewed interest in the Casimir effect over the last few years [2], driven by 
the fact that: a) advances in instrumentation have allowed precise measurement of the effect 
[3] and b) the Casimir force becomes relevant in the design of nano-scale mechanical devices 
where it can cause the tiny elements in such devices to stick together. This has spurred a lot of 
activity on the theory side in terms of developing approaches to deal with the effects of different 
geometries, orientation, surface roughness, thermal fluctuations etc., issues relevant in realistic 
experimental setups. 

An important and rather difficult question to address is how diffractive effects correct the 
Casimir energy. This is relevant whenever the plates have boundaries, either apertures or edges. 
Edge contributions have been studied numerically in a few cases using worldline techniques and 
Monte Carlo simulations [l]-[6]. A systematic treatment of diffraction is lacking in previous 
analytical methods of the Casimir effect. In this talk I will describe our recent work towards 
understanding such diffractive effects at zero and finite temperature. 

This talk is based on work done in collaboration with D. Kabat and V.P. Nair [7j-j9]. I will 
first describe the general analytical approach we have developed to study diffractive effects in 
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Figure 1. A 2d slice of the full geometry. The 4d geometry also has a periodic spatial dimension 
of size L out of the page and a periodic Euclidean time dimension of size /3. We eventually take 
the limit L^, L — )■ oo. 



the context of Casimir effect and then apply this to different geometries such as a single plate 
with a slit in it, two perpendicular plates separated by a gap, and two parallel plates, one of 
which is semi-infinite, at zero and finite temperature. Other approaches to analyzing the Casimir 
energy in such geometries are given in [1^ . An advantage of our formalism is that it allows for a 
clean separation between direct or geometrical effects associated with the plates, and diffr active 
effects associated with the plate boundaries. Finally, I will describe a novel application of our 
formalism in studying the Casimir interaction between far away holes or slits on a flat Dirichlet 
plate. 



2. An effective boundary action for edge effects 

For simplicity we consider a free massless scalar field in four Euclidean dimensions, with Dirichlet 
boundary conditions imposed on an arrangement of plates. The basic plate geometry we will 
consider is shown in Fig.l. The field propagates in two regions separated by a plate with a gap, 
indicated by a dashed line. The field vanishes everywhere on the boundary (solid lines), while 
4> = (pQ on the gap. We will follow a path integral approach and calculate the free energy F in 
terms of the partition function 

F = -ilogZ (2) 

where ^ 

Z = J [#] e-^^"^), S{q)) = \j^ drd^x {dcj) 84)) (3) 

The basic strategy is to calculate the partition function in stages. We first fix the value of the 
field in the gap, i;^|gap = 0O) integrate out the scalar field in the bulk top and bottom regions and 
eventually integrate over (pQ. By integrating out the scalar field in the bulk regions we obtain 
a lower dimensional, non-local effective action in the gap in terms of as follows. To perform 
the bulk path integral we set (/> = (/)ci + where 5(j) vanishes on all boundaries (including the 
gap), and □(/>ci = 0, subject to the boundary conditions 

<Po in gap 

1 elsewhere on boundary ^ ' 

(pel can be written in terms of 4>o and the Green's functions Gtop and Gbottom- These obey 
Dirichlet boundary conditions and satisfy OG(x\x') = 6'^{x — x') in the bulk regions. 

{/ d^x' (poix') n ■ d'Gtop{x\x') on top 
(5) 
/ d'^x' (po{x') n ■ d'G}iottom{x\x') on bottom 



where n is an outward-pointing unit normal vector. Integrating by parts, the original action in 
([3]) becomes, 



S{c^) = lJ{d7ldr])L + lJ{d7idr^)R + So 



So = [ Im^) {Mtopix\x') + M^ottom{x\x')) Mx') (6) 

J gap 

where 

M{x\x') =n-d n-d' G{x\x')l,r (7) 

We can write a mode expansion for the fields 00 as 4>o{x) = ^^Cq,Mq,(x), where {ua{x)} 
constitute a complete set of modes for functions which are nonzero in the gap with the boundary 
condition that Ua{x) — )• as one approaches the edges. Integrating over Cq we get 

Z4d = det -1/2 ( _ Otop) det ~^/^{- Dbottom) det "^/^ (^^^^ + Obottom) (8) 

where 

Oaf} = / d^x d^x Ua{x)M{x\x') up[x') (9) 

Jgap 

The bulk determinants in ([s]) capture the Casimir energy that would be present if there was no 
gap in the middle plate. Corrections to this are given by the non-local field theory Sq in ^ 
that lives on the gap separating the two regions. 

The explicit form of the operator O depends, in general, on the arrangement of plates and 
gaps. For the geometry shown in Fig.l we find 



Mr{x\x') = < xlV-V^coth (6i\/-V2)|x' > 
MLix\x') = < x\ \/-V2 coth (62\/-V2) |x' > 



where is the Laplacian on the middle plate. Further it is convenient to make a Kaluza-Klein 
decomposition along the two extra periodic directions. This leads to a representation of the 
four dimensional partition function in terms of a momentum integral and a sum over Matsubara 
frequencies. 

/IT 00 
— logZ2d(/i = ^/k^TWW) (10) 

l=—oo 

Here Z2d(/u) is the two-dimensional partition function for a scalar field of mass /x in the geometry 
shown in Fig.l. 

For the geometry of Fig. [T| a complete set of odd- and even-parity functions which vanish for 
\x\ ^ a are 

^odd ^ 1 for -a ^ X ^ a m = 1,2,3,... ^^^^ 

'"I otherwise 

^even ^ I (-l)^^^^cos(p7rx/a) for -o ^ X ^ o p=l, §,§,... ^^2) 
^1 otherwise 

The matrix elements of the operator O in this basis are 

^^f^Hri 2a /"°° 9,, , mvr mr , , 



where m,n = 
representation 



1,2, P, 



M{k) 



1/2, 3/2,---, and M{k) 



tanh (fey/fc2+A?) 



has the useful 



+ 



2^ 
62 



The integrals (13), (14) are evaluated using a contour deformation and they separate naturally 
into a pole contribution, Q^irect^ ^^^^ ^ contribution, Qdiff^active^ ^j^^ jjj ^j-^ggg -^ygpg referred 

to as "pole" and "cut" contributions, respectively.) For the odd matrix elements 



O. 



odd /indirect , /rjdifFractive 

direct ^ V(m7r/a)2+/i2 

tanh (5y^(m7r7ap~-i-7i^) 



(15) 



diffractive 



-2ab'^ ^ ( 1 - exp 



2a 



Likewise for the even matrix elements 

•idirect _i_ /-/idifEractive 

y^(p7r/a)2 + /i2 



(j7ra)2 + (iiaby 



(16) 



P9 



direct 



tanh (&\/ (pvr/a)^ + /i^) 



(17) 



diffractive 
P5 



-2a6 



1 + exp 



2a 



y/j2^2 + ^252 



(p7r6)2 + (j7ra)2 + (/io6)2 (q'7r6)2 + (j7ra)2 + (/xa6)2 



(18) 



(Aside from the allowed values of the indices, the only difference between odd and even parity 
is the sign in front of the exponential in the diffractive term.) 

The direct contribution takes into account the geometric optics effect of wave propagation 
directly across the gap. ^direct ggsentially the operator M defined on the gap with Dirichlet 
boundary conditions at a; = ita. Corrections to this, which incorporate diffraction of waves 
through the gap, are encoded in ^diffractive 

The strategy now is to treat diffraction as a perturbation and expand in powers of diffractive 
contributions. Taking the log of ([s]) and expanding in powers of ^diffractive^ ^^^^ energy 
naturally decomposes into bulk, direct and diffractive contributions. 



- log Zbulk 
— log ^direct 
log -^diffractive 



Trlog ( - □ 
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Trlog (a 
Tr 



top; 



idirect'^ 



-Trlog I 



bottom 



) 



TYlog(0^1j-^* + OSm) 



(19) 
(20) 
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diffractive 
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+ ••• 



■logZ(^) 
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log -^diffractive + 



(21) 



We have applied this approach to derive the Casimir energy in the case of three special 
geometries: a single plate with a slit, perpendicular plates and parallel plates, where one is 
infinite and the other semi-infinite or with a large gap. This is done by considering appropriate 
limits of the geometric parameters 61, 62 and a in Fig. 1. Further by taking different limits of /3 
we can calculate the Casimir energy at various temperature regimes. In the next two sections I 
will give a brief summary of our results in these cases. 



3. Zero temperature Casimir energy 

In the zero-temperature case, f3 — )• 00, the sum over Matsubara modes in (10) becomes an 
integral and the free energy is 

F = —log Zm = L r^(-logZ2,). (22) 
P Jo ^'^ 

In evaluating the free energy, we encounter ultraviolet divergencies. In general, all such terms 
are proportional to geometrical volumes, areas, perimeters, etc and once they are appropriately 
renormalized, they are not part of the Casimir energy. 



3.1. Plate with a slit 

We first consider a plate with a single slit of width w = 2a and length L. This corresponds to 
fell ^2 — ^ 00. There are direct and diffr active contributions to the Casimir energy: 



f: 



direct 
'slit 

j-i(l)difTr active 
-^slit 

j-n (3 ) diffract ive 
^slit 



cm 

327rit;2 
8.60 X 10 



-3 



11.96 X 10-^ ^ 

(2)diffractive 



L 



F^ 



-1-3 



L 



slit 



0.56 X 10"^ 



j--,(4)diffractive 
^slit 



0.08 X 10 

The total value for the Casimir energy up to this order is -FsUt 



0.02 X 10 



-3 



L 



-2.70 X 10-3(L/u;2). 



(23) 



3.2. Perpendicular plates 

For perpendicular plates distance a away (and 61, 62 00), we only need to keep the odd-parity 
modes (11) and matrix elements (13) in calculating the direct and diffractive contributions to 



the Casimir energy. We find 



7-idirect 
^± 


cm _ 

327ra2 


L 
-11.96 X 10"^ 








,-,(l)diffractive 
^± 


= 5.01 X 10^3 
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,-,(2)diffr active 
^± 


= 0.66 X 10"^ 


L 
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7-i(3)diffractive 
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Tn(4)diffr active 
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(24) 


r-i(5)diffractive 


= 0.01 X 10"^ 


L 









The total value for the Casimir energy up to this order is -Fj_ = —6.07 x 10^'^(L/a^). This is 
in very good agreement with the worldline results of Gies and Klingmiiller [1] and analytical 
results derived by the multiple scattering method [TOj . 



3.3. Infinite, semi-infinite parallel plates 

In the case of two long parallel plates, distance b away, where one has a large slit (a, 61 — )• 
00,62 — ^ b) there is a finite bulk contribution from the bottom bulk region in Fig.l in addition 
to the direct and diffr active contributions. 

7-ibottom bulk T T \ ('Oc;\ 

^11 - "144063^-^ + ■■■ 

The • • • indicate possible edge terms at infinity (associated with the walls of the box shown in 
Fig.l). These terms depend on the boundary conditions at infinity and do not affect the slit 
contribution. 

The direct contribution to the energy as a — )• 00 is 

^direct ^ _f_2aL - (26) 
II 144063 327r62 ^ ' 

The total bulk contribution is proportional to the area A facing the two plates 

bulk ^ tt'^L{Li - 2a) ^ _ jrM_ 

II 144063 144063 ^ ^ 

The diffractive contribution up to the 5th order are, 

(l)diffractivc ^ ^^54 ^ (2)diffractive ^ ^ ^ ^^-3 L 

II 6^ II 6^ 

(3)diffractive ^ ^ ^ ^q_3 (4)difrractivc ^ ^ ^ ^q_3 ^ 

II 6^ II 6^ 

(5)diffractive ^ ^ ^ ^^-3 ^ 

II 6^ 



We find from (26) an (28) that the total edge contribution to the Casimir energy, up to this 
order is 

^edge ^ _C(3)_L ^ diffractive _ _5 37 ^ (29) 

II 327r6^ II 6^ 

In our case there are two edges associated with the large slit. In comparing our results to the 
case of two parallel plates, one of which is semi-infinite, where there is only one slit edge, we 



have to divide ( 29 ) by a factor of two. The result is in very good agreement with the worldline 
results of Gies and Klingmiiller |1] and those obtained using the multiple scattering method |.10J. 

Before I continue to discuss thermal effects, I would like to highlight two features of the 
diffractive terms in all the geometries discussed earlier. First, the series expansion in terms 
of diffractive contributions seems to converge nicely, justifying the perturbative expansion idea. 
Second, all diffractive energy terms correspond to an effective repulsive force between the plates, 
opposite to the attractive effect arising from the direct contribution. In all cases we considered 
though, the diffractive effects are subdominant compared to the direct ones, leading to an overall 
attractive edge Casimir force. It is also interesting to note that the diffractive contribution in 
the case of the slit is much bigger than the one for the perpendicular plates, as expected in 
physical grounds. These features remain the same in the case of finite temperature as well. 

4. Thermal effects: high and low-temperature limits 

4-.1. High temperature limit 

An important aspect of the Casimir effect is its dependence on temperature. At high temperature 
the free energy has a universal dependence on T independent of the geometry of the plates. 



This can be seen from (10), where, in the limit /? — t- only the / = mode contributes and 



the problem reduces to a partition function in three dimensions which is independent of T. 
Below I will briefly present our results for the Casimir energy at high temperature for the three 
geometries considered earlier. 

Plate with a slit 

The direct contribution to the thermal Casimir energy for a slit of width w, as wT — t- oo, is 

The first four diffractive contributions are: 

^sui?"'*'" = 0.03901 ^, 42,?'"*'" = 0-00431 ^ 

^S?"'*'" = 0.00092 ^, i^ig'^'^'^"^*'"^ = 0.00027 ^ 

The i(;-dependent part of the thermal Casimir energy up to this order is 

LT 

i^slit.T = -0.02094 (31) 

w 

Perpendicular plates 

The direct contribution to the thermal Casimir energy for two perpendicular plates distance 



a apart is the same as in (30), where w is replaced by a. The first four diffractive contributions 
are: 

^(l)diffractive ^ 0.02161—, F^J.^''^''^'^""^ = 0.00320 — 
' a ' a 

^(3)diffractive ^ 0.00082 —, Fj'i.^'''''"^*'"^ = 0.00025 — 
' a ' a 

The a-dependent part of the total thermal Casimir energy up to this order is 

LT 

F^T = -0.03957 (32) 

w 

This result agrees very well with the worldline results in [6]. 

Infinite, semi-infinite parallel plates 

The renormalized bulk and direct contributions to the thermal Casimir energy is 

nbulk 

167r62 

jndirect _ C{'^)LT 

Wirb 

where A is the area of the semi-infinite plate and • • • indicate edge terms associated with the 
boundaries at infinity. The first four diffractive contributions are: 



77bulk ^■^^\'^/rp I 

TTidirect _ 



^^diffractive ^ o_oi351^, = 0.00225 ^ 

^(SMiffractive ^ 0.00056 ^, i^JJJ''^*"^*'"^ = 0.00015 ^ 

The total edge contribution to the thermal Casimir energy up to this order is 

T T 

i^^J" = -0.016126 =^ (34) 
which is again in excellent agreement with the results in jB]. 



Ji-.2. Low temperature limit 

The behavior at low temperature is more subtle. In particular, at low temperature, thermal 
effects are dominated by long-range ffuctuations which are suppressed in closed geometries 
but not so in open geometries. One then expects a non-trivial correlation between geometry 
and temperature. This was studied numerically using the worldline formalism in a number of 
geometries [5], [6]. Our formalism on the other hand provides an analytic way to understand 
the temperature-geometry interplay and in particular the role diffraction plays [9]. 

In the special geometries we studied earlier the free energy has three contributions: the bulk, 
the direct and the diffractive contributions. The bulk contribution from the regions above and 
below the middle plate is that of a 4d ideal Bose gas, while the direct contribution is that 
of a 3d ideal Bose gas. There are explicit analytic expressions for these, and the high and 
low temperature limits are easy to derive (see for example Appendix in [9]). The diffractive 
contribution however, is rather complicated and not amenable to an analytic treatment in 
general. It turns out though that its temperature dependence, at low temperature, is controlled 



by its non-analytic behavior in the following sense. Applying Poisson resummation to (10) gives 



log Z4d = E / i log (/i = x/fc^) (35) 

i=— oo 

The I = term is proportional to /3 and it gives the Casimir energy at zero temperature. Thermal 
corrections to this are given by 

log 2'4d,T = — fJ-dnJo{l3ln) log Z2d(/x) (36) 

1=1 

where we set uj = ficosO, k = /isin^ and integrated over 9. It is clear that the behavior of ( |36| ) 
at low temperature, /3 — )• oo, is related to the behavior of \0gZ2A as fi ^ 0. If logZ2d(^) is 
analytic in fj?, then the 4d free energy vanishes exponentially at low temperature, which is the 
case if the parameters 0,61,62 in Fig- 1 are held fixed and finite. The difference in the non- 
analytic behavior of log for the three special plate configurations we have studied, results to 
interesting variations in the temperature dependence as we shall show below. 

Plate with a slit 

The bulk contribution from the regions above and below the middle plate is that of a 4d ideal 
Bose gas. The renormalized thermal free energy after we subtract the free energy of the "big 
box" and the self-energy of the middle plate is 

^buik ^ ^L^T^ (37) 
' 47r 

The direct contribution to the free energy is related to the free energy of a 3d ideal gas occupying 
the region corresponding to the gap and it is exponentially suppressed. At low temperatures, 
aT <^ 1, the thermal wavelength is larger than the size of the gap and this leads to exponential 
suppression. 

The non-analytic behavior of the first diffractive contribution to log Z2d is of the form 

7C(3) 

-logZ2d = ^ (na)'^ log fia + {{fxa)'^ log fia terms + •••) (38) 

This gives rise to a contribution to thermal free energy proportional to T^. In particular 



The total thermal free energy up to this order is 



47r yUvr 



(40) 



The leading contribution is coming from the bulk term and can be thought of as an excluded 
area effect. The diffractive contribution is subleading at low temperatures. The higher order 
diffractive terms will change the overall coefficient of T^, but a rough estimate shows a change 
of less than 10%. 

Perpendicular plates 

Similar results hold for perpendicular plates. The a-dependent part of the bulk and direct 
contributions are the same as in the case of the plate with a slit. The main difference is in the 
non-analytic behavior of log Z2d, which is 

- log = ^;^(/ua)^ log /ia + ((/ia)*^ log /ua terms + •••) (41) 

which results in a thermal free energy contribution proportional to T^. 

^(iMiffr ^ _lM^La^r6 + 0{T^) (42) 

The total thermal free energy up to this order is 

F^T = -^LT"" + ^LaT^ - l^^^La^T^ + ©(T^) (43) 
' Svr 47r 945 

The first two terms arise from the bulk determinants and can be thought of as an excluded area 
and perimeter effect. They agree with the results on the thermal Casimir force found in [5j, [6j. 
Diffractive effects are subleading ~ and at low temperatures are substantially weaker than 
in the case of a plate with a slit. 

Infinite, semi-infinite parallel plates 

The analysis in the case of an infinite, semi-infinite parallel plates is slightly more involved 
but along the same lines. We find that the thermal free energy can be decomposed into an 
excluded volume contribution 



i^ex = ^ V,,T^ - ® AexT^ + ^PexT^ (44) 

and a diffractive edge contribution 



= - ("Tf {^o,(2tT) + ^ + '-^UV + . . . (45) 

Vex, ^ex; Pex is the excluded volume, area and perimeter of the region between the two plates. 
The appearance of these geometric terms has to do with the fact that at low temperatures 
thermal excitations are excluded from the region between the plates. 

The edge contribution to the thermal Casimir energy in the case of an infinite/semi-infinite 
parallel plates was studied by Gies and Weber in [6J using the worldline formalism. They found 
that their data was well fit, at low temperatures, in terms of a power-law temperature dependence 
with a non-integer exponent ~ T^'^"^. Our analysis however shows that the non-integer power 
law found in [6J is actually due to a logarithmic temperature dependence of the form log T. 



Figure 2. Two holes separated by a distance r on an infinite Dirichlet plate. 



5. Casimir interaction between holes/slits on a plate 

An interesting new result we have derived using the approach outlined here is the Casimir 
interaction between holes or slits on a Dirichlet plate The relevant geometry for two holes 
is shown in Fig. 2. The functional integral is now 

-logZ = /3|^--Trlog^^^^ 

where Oij = (modes on hole i jOj modes on hole j). For separations large compared to the size 
of the holes, 

O12 = (xi|0|x2) « (0|V-V2 + ^2|^) = --L(l + ^r)e-f^^ 

For r ^ (hole size) we can expand ( |46[ ) in powers of the off-diagonal entries which are small. 
The first order expansion gives an interaction energy of the form 



1 1'°^ 
Jo 

5 Q1Q2 



327r3 r7 ^^'^^ 



where the charge associated with hole i is 

Qi = I d^xdV (xl(Oii)-^lx') 

J hole i 



1.28R^ (round), 0.228L^ (square) 



Eq.(47) is reminiscent of the van der Waals interaction between atoms. As in that case, the 1/r 
dependence is universal at large distances [8j. Similar results are available for the interaction 
energy between two far away infinitely long slits on a Dirichlet plane. In this case we find 

72, 



r 

where the charge associated with slit i is 



Eint = -^Tr[{On)-'Ou{022)-'02i] 

- (48) 



Qi = j dxdx'{x\Ol^\x') 

= 2.88 X 10"^ (slit width)^ 



How the interaction energy (47) depends on distance as the holes approach each other, what is the 
dynamics of a large number of small mobile holes on a Dirichlet plate and possible experimental 
observation of such interactions are interesting questions to be explored further. 



6. Conclusions 

In this talk, I have described a general method we developed in calculating the Casimir energy 
in geometries with apertures and edges. We have found that contributions to Casimir energy 
due to boundary openings are described in terms of a lower-dimensional, non-local field theory 
defined on the aperture itself. 

Our method of calculating Casimir energy provides a systematic way of analyzing diffractive 
contributions in a series expansion, which can be easily generalized to include finite temperature 
effects, arbitrary dimensions, etc. More work is needed to understand the convergence of the 
series and justify why this expansion seems to work very well despite the fact that there is no 
obvious dimensionless parameter which controls such an expansion. It would also be interesting 
to understand the relation between our expansion scheme and the multiple scattering method 
developed in [TO] , 

In all the cases we have analyzed, at zero and at finite temperature, the diffractive effects 
produce a repulsive Casimir force, opposite to the effect of the bulk and direct contributions. 
They are subdominant, but their presence diminishes the attractive component of the Casimir 



force. A general understanding of this and how it relates to the diffractive matrix elements ( 16 ) 



and (18) warrants further investigation. 

The dependence of the results I presented above on the curvature of space, intrinsic and 
extrinsic, as well as the spin of the fields involved are interesting topics to be further explored. 
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